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I. INTRODUCTION

Consider the interval 1= [ -1, 1] and the space C'(I) consisting of the
continuously differentiable real-valued functions on I provided with the
C1-norm

11111, :=max{IIIII, III'II}, ( I )

(2)o~ i~n,

where II' II denotes the Chebyshev norm on I and I' is the first derivative of
IE cV). We use the Chebyshev nodes of the first kind

2i+ 1
X i := cos Yi := cos~2 Jr,_n+

to construct a Hermite interpolation operator

H n : C1(I) ~ Il2n + l'

Pottinger examined the operator norm of Hn induced by (I):

IIHnll I :=max{ sup IIH,JII, sup II(Hnfn}
fEC1(l) fECI(l)
II/III~' 11/111= 1

(3 )

He proved

IIHnlll~2n-4 [4J,

IIHnllt ~ 5, IIHnll I = O(n) (n ~ 00) [5, 6].

In the present paper we give the exact rate of growth of IIHnI1 1 ; namely, we
prove the
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THEOREM. For the C1-norm of the Hermite interpolation operator Hn
based on the zeros of the Chebyshev polynomials of the first kind, the follow
ing inequality holds:

2 14
4(n+ 1)-5+--:( IIHnll 1 :(4(n+ l)+-ln(n+ 1)+ 13.

n + 1 TC

2. SOME ESTIMATES

The Hermite interpolation operator (3) is given by

n n

Hnf(x) = L vj(x) I;(x) f(x;) + L (x - x;) I;(x) !'(x j)
i=O

with

and

w"(X;)
vi( x) = 1- -,-(-) (x - x;),

W Xi

w(X)
li(X) = ( _ ) '( )'X Xi W Xj

0:( i:( n,

0:( i:( n,

(4)

where w(x) := r17~o(x - x,) denotes the nodal polynomial.
Let us first mention a result of Fejer [2]:

LEMMA 1. For the functions given by (4), we have

n

L vi(x)=(n+lf,
i=O

From now on we use only the special nodes (2) for which

Xi I-XXi
Vi(X) = 1--

1
-2 (X-X i)=--2'
-Xi I-Xi

I (
( - I )i sin y j cos(n + I) y

jX)=-- ,
n + I cos y - cos Y i

0:( i:( n, where X = cos y, Y E [0, TC]. Using Lemma 1, we have

(5)
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COROLLARY I. For the Chebyshev nodes of the flrst kind, we have

n I
;~o I_x;=(n+ 1)2,

n I 2 1
;~o (I - x y = "3 (n + I )

4
+ "3 (n + 1f

(6)

(7)

Proof Formula (6) follows immediately from (5) and Lemma 1 for
x= -I. To prove (7), we take 1 = Jro(x) = HnJro(x) and find

0= (H"Jro)'(I)

{
I}" 1 3 n 1

= 2+ 2 L --- 2 L 2'
(n+l) ;=ol-x, (n+l) ;=o(l-x;)

Using (6), we get the desired result. I

LEMMA 2. The following estimates hold for the functions An' B n , Cn E

C(I) below:

n Isin(n + 1) y . I
An(x):= L . sm y,l;(x) ,

i~O sm y

IIAnl] ~ (n + 1) +HIn(n + I) + 1};

._ ~ Icos y; 2 IBn(x) .- 1.... -.-2- (x - x,) Ii (x) ,
;=0 sm y;

2
IIBnl1 ~-ln(n+ 1)+ 1;

n

C( '- ~ [Sin(n+l)Y l-cosycosy; ( 1) ,I
n x) .- 1..... cos n + ),

; ~ 0 (n + 1) sm y cos y - cos y 1

IICnll ~ (n + 1) + 2HIn(n + 1) + 1}.

Proof As An(x,) = I, O~i~n, let xic-x i .

Case I. If sin y ~ (n + 1) 1/2, then

Concerning the estimate of the Lebesgue constant, see Rivlin [7].

(8)

(9)

(10)
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Case 2. For siny>(n+l)-1/2, we get (x#x;)

1 ~ Isin(n + 1) yl . 2 I cos(n + 1) Y IAn(x)=-- L, . Sill Yi ----'---'--
n + 1 i~ 0 Sill Y cos Y - cos Yi

1 n Isin(n + 1) yl _ _ _
~-- L - (Sill Yi ISill Yi- Sill yl

n + 1 i~O Sill Y

- .) I cos(n + 1) Y I+ Sill YiSIll Y
cos Y- cos Yi

n _ I sin Yi-sin Yin
~ L Sill Yi _ + L 11i(x)1

i~O cos yeas Yi i~O

~ _ . I sin Yi-sin Y I ~
~ L, (Sill Yi+ SIll y) _ + L, 11i(x)1

i~O cos yeas Yi i~O

n n

= L leas Y + cos Yil + L 1l;(x)1

~ (n + 1) + UIn(n + 1) + 1}.

As (n + 1) Isin Yil ~ (n + 1) sin Yo ~ (n + 1)(2/n) Yo = 1, we obtain (9):

1 n 2
Bn(x)~ 1) - L 1l;(x)1 ~-ln(n+ 1)+ 1.

(n + Sill Yo i~ 0 n

To prove (10), we substitute

1 - cos yeas Yi= sin2 Y + COS 2 Y - COS yeas Yi-sin Y sin Yi

+ sin Y sin Yi

= sin y(sin Y - sin Yi) + cos y(cos y - cos y;)

+ sin Y sin Yi-

By the triangle inequality

n n Isin(n+l)yl
Cn(x) ~ L 11i(x)1 + L ) _ leas y cos(n + 1) yl

i~ 0 i~ 0 (n + 1 Sill Y

+ f Isin(n+ 1) ycos(n+ 1) YII sin y-sin Yi I
i~O n+l COSY-COSYi

~ it 11i(x)1 + ito 1 + n ~ 1 it Icot Y~ yt
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Combining this with the inequality

11 I"y, I 11 'I r- v II, 1((x)1 =-1 I cot-
2
'?;-1 I cot-"-"i

;~O n + ;~() n + ; () 2 I

(cf. Ehlich and Zeller [1]) yields the desired result. I

3. PROOF OF THE THEOREM

We first prove the lower estimate. To this end, we take a sufficiently
small /; > 0 and a function f; E e l (!) with the properties

Then

f~(x;)= 1,

II fell I = 1.

O~ i~n;

o~ i~ n;
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Let e ---+ 0+. By Corollary 1

IIHnll l ~ I{2 + (n ~ 1f} {(n + 1) - (n + 1)2}

3 { 2 2 4 1 2}- (n + 1) - - (n + 1) - - (n + 1)
(n+l)2 3 3

+2(n+ 1)+ (n~ 1)2 {(n+ 1)-2(n+ 1)2}1

2
=4(n + 1) - 5 +--1'

n+

To prove the upper estimate, we use Pottinger's relation [5,6]

(Hnf)'(x) = I {v;(x) l;(x) + 2v;(x) ((x) l;(x)} rI'(s) ds
i=O x

n

+ L {l;(x)+2(x-x;)l;(x)l;(x)}I'(x;)'
;~O

Let fECi (I) satisfy II f II, = 1, so that II I' II ~ 1. By Lemma 2,

n

I(Hnf),(x)1 ~ L I{v;(x) l;(x) + 2v;(x) l;(x) !;(x)}(x-xi)1
i=O

n

+ L Il;(x)+2(x-x i) l;(x) 1;(x)1

n I cos Yi= L -'-2-(x-xi)I;(x)-21;(x)
;=0 sm y;

2
sin(n+ 1) y I-cos ycos y; ( 1) I

+ , cos n + y
(n+l)smy cosy-cosy;

~ 1- 12 ) 2 siny;sin(n+l)yp()1+L.. ,(x+ . ,x
;~O sm y

n

~2An(x)+Bn(x)+2Cn(x)+3 L q(x)
i=O

~ 4(n + 1) + 7UIn(n + I) + I} + 6,

165

since L7~01;(x)~2. The proof is complete since IIHn116~5 (Pottinger
[5,6]). I
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